Abstract: A family of fixed-frequency pulsewidth-modulation-based sliding-mode voltage controllers for DC-DC converters operating in the discontinuous conduction mode is proposed. The proposed topology is developed for buck, boost and buck-boost converters. Preliminary verification and evaluation of these controllers are performed through computer simulations using precise models of the systems.
Introduction
DC-DC converters can operate in either continuous conduction mode (CCM) or discontinuous conduction mode (DCM), depending on the choice of the switching frequency, and the relative sizes of the load and the inductive storage. In practice, DCM operation enjoys a faster transient response at the expense of higher device stresses. It is still a popular operating mode for low power applications and its practical importance should not be overlooked.
Similar to CCM converters, the regulation of DCM converters relies mainly on conventional PWM current or voltage controllers with compensation networks designed from the small-signal linearised models of the converters. Naturally, being small-signal based, they inherit the drawback of being optimal only in regions within the specified operating condition. In operating conditions that deviate greatly from the specified point, poor control performance is experienced. In the case of load deviation, such degradation in performance is typically more prominent in DCM converters than in their CCM counterparts. This is because output load has a greater influence on the system's characteristics when the converter is operated in DCM.
Hence, unlike CCM converters whereby a relatively good load regulation can be obtained for a wide range of operating conditions using a fixed compensation network in the controller, the same cannot be achieved in DCM converters. In fact, the conventional practice of using a fixed compensation network for the control of DCM converters is, strictly speaking, inaccurate. It is necessary to consider the output load into the computations of the controller if good load regulation is desired. This can be achieved through adaptive control means whereby the compensation network of the controller changes with the variation of the output load. However, discounting the drawback of requiring additional current sensing, the implementation of such schemes is still too computationally exhaustive to be feasible. Hence, to truly benefit from the advantages of employing converters operating in DCM without sacrificing the regulation property, it is necessary to search for better means of controlling these converters. One such alternative is to adopt a nonlinear controller: the sliding-mode controller.
The sliding-mode (SM) controller is well known for its robustness, stability and good regulation properties in a wide range of operating conditions. It is also deemed to be a better candidate than other nonlinear controllers for its relative ease of implementation [1] [2] [3] [4] . In particular, the fixedfrequency pulsewidth-modulation (PWM)-based SM controllers, which are basically pulsewidth modulators that employ control signals derived from SM control technique, are found to be more suited for practical implementation in power converters [1, [5] [6] [7] [8] [9] [10] . However, the results presented in these papers are only valid for converters in CCM operation. As with conventional hysteresis modulation (HM)-based SM controllers, the proposed PWM-based SM controllers are not applicable to DC-DC converters operating in DCM because of the fundamental difference in the dynamic properties between the two operations. Thus, if PWM-based SM controllers are to be adopted for DC-DC converters in DCM operation, the system models and control laws have to be redeveloped with consideration of these properties.
In this paper, a family of fixed-frequency pulsewidthmodulation-based sliding-mode voltage controllers is developed for basic DC-DC converters operating in discontinuous conduction mode. The methods of deriving the system models and control laws are illustrated. Computer simulations of the precise systems model have been used for evaluation and verification purposes. Furthermore, it is also worth mentioning that the proposed approach to deriving these controllers can be used for the design of multi-switches/ multi-structured converter systems, e.g. power factor correction (PFC) and parallel-connected converters in either CCM or DCM operation. a DCM converter. The difference between this model and the model of a CCM converter is the addition of the zeroinductor-current stage. In this work, we develop the DCM converter models by introducing additional terms, known as the virtual switching components, into the model. It should be noted that such an analogy is only a theoretical representation. No additional physical switch is added to the converter circuit.
For the cases of buck, boost and buck-boost converters, the virtual switching components u L and u B , on top of the actual physical switching component u where logic 1 and 0 represent the 'ON' and 'OFF' stages of the actual power switch, are introduced into the models:
Here, condition (1) infers that u L inherits a logic state 1 whenever inductor current i L is conducting, and condition (2) infers that u B inherits a logic state 1 only when inductor current is conducting and the power switch is off (u ¼ 0). Figure 1 shows the typical inductor current behaviour of a DC-DC converter in both CCM and DCM operation. The respective rate of change of inductor currents (i.e. di Lr /dt and di Lf /dt) and state space inductor current i L descriptions for the buck, boost and buck-boost converters are given in Table 1 . It can be seen that, in CCM operation, u B is always 1 whenever u ¼ 0, i.e. u B ¼ u. Thus, a model derived for the DCM operation, which consists of u B , can be easily transformed to a model for the CCM operation, through the substitution of the condition u B ¼ u.
The relationship between the converters' state-space output voltage v o , inductor current i L , switching signal u/ u, and load current i r are also given in Table 1 .
Proposed controllers
This Section outlines the modelling method and describes the detailed procedures for deriving the proposed family of PWM-based SM controllers for DC-DC converters in DCM operation. Figure 2 shows the schematic diagrams of the three PID sliding-mode voltage-controlled (SMVC) DC-DC converters to be discussed in this paper in the conventional HM configuration. Here, C, L and r L denote the capacitance, inductance and instantaneous load resistance of the converters, respectively, i C , i L and i r denote the instantaneous capacitor, inductor and load currents, respectively; V ref , v i and v o denote the reference, instantaneous input and instantaneous output voltages, respectively; b denotes the feedback network ratio; and u ¼ 0 or 1 is the switching state of power switch S W and u ¼ 1 À u is the inverse logic of u.
System modelling
In the case of PID SMVC converters, the control variables x may be expressed in the form:
where x 1 , x 2 and x 3 represents the voltage error, the voltage error dynamics (or the rate of change of voltage error), and the integral of voltage error, respectively. Substitution of the converters' behavioural models under DCM (in Table 1 ) into (3) produces the following control variable descriptions: x buck , x boost and x buck-boost for buck, boost and buck-boost converters, respectively. 
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Next, the time differentiation of (4), (5) and (6) produces the state-space descriptions required for the controller design of the respective converter.
For the buck converter:
For the boost converter: 
For the buck-boost converter:
Rearrangement of the state-space descriptions (7), (8) and (9) into the standard form gives
where v ¼ u or u (depending on topology). Results are summarised in Table 2 . An inspection of the equations verified the presence of the three state-space structures (trilinear structure) in each converter. In the case of the buck converter, one structure exists when u ¼ 1 and u L ¼ 1, another exists when u ¼ 0 and u L ¼ 1, and the third exists when u ¼ 0 and u L ¼ 0. For the boost and buck-boost converters, one structure exists when u ¼ 1 and u B ¼ 0, another exists when u ¼ 0 and u B ¼ 1, and the third exists when u ¼ 0 and u B ¼ 0.
Controller derivation and design
Having obtained the state-space descriptions, the next stage is the derivation and design of the controller. For these systems, it is appropriate to have a general SM control law that adopts a switching function such as
where S is the instantaneous state variable's trajectory, and is described as
and a 1 , a 2 , and a 3 representing the control parameters, termed as sliding coefficients. Equations (11) and (12) describe the control equations needed for implementing the SM controller in conventional HM form. For implementation in the PWM form, the control equations must be translated.
Derivation of control equations for PWM-based controller:
The implementation of PWM-based controllers is possible by first translating the SM control law to obtain its equivalent control function. This function is then mapped onto the duty cycle function of the pulse-width modulator [10] . The equivalent control signal u eq can be formulated using the invariance conditions by setting the time differentiation of (12) as dS/dt ¼ 0 [2] . 
where both u eq and u Leq are continuous and bounded by 0 and 1. Specifically, the equivalent control function u eq is a smooth function of the discrete input function u, u Leq is the result equivalent component of the discrete virtual switching component u L .
We first derive the equivalent control function by substituting (13) into 0 o u eq o 1 and multiplying by bv i to give
Next, the function u Leq can be approximated from wellestablished mathematical models of the buck converter. First, for the buck converter in DCM, the duty cycle is described as
Additionally, the duty cycle for the turn-off period in DCM operation is
Since the maximum time duration that u L ¼ 1 can exist is T (during CCM operation), and in DCM operation u L ¼ 1 is applied for the time duration (D DCM +D 2 )T, the equivalent virtual switching component applied to the system in DCM operation can be described as 
(ii) Boost converter
where both u eq and u Beq are continuous and bounded by 0 and 1. Here, the equivalent control function u eq is a smooth function of the discrete input function u, and u Beq is the resulted equivalent component of the discrete virtual switching component u B .
Using the same approach, the equivalent control function can be derived as
Next, the function u Beq can be approximated from wellestablished mathematical models of the boost converter. First, for the boost converter in CCM, the duty cycle is described as
and in DCM, the duty cycle is described as
Additionally, the duty cycle for the turn-off period in DCM operation is given as Since the maximum time duration that
, and in DCM operation, u B ¼ 1 is applied for the time duration D 2 T, the equivalent virtual switching component applied to the system in DCM operation can be described as
Finally, the mapping of the equivalent control function (21) onto the duty ratio control D, where 0oD ¼ ðv c =v ramp Þo1, gives the following relationships for the control signal v c and ramp signalv ramp :
(iii) Buck-boost converter
where both u eq and u Beq are continuous and bounded by 0 and 1. The equivalent control function is derived as
Similarly, the function u Beq can be approximated from wellestablished mathematical models of the buck-boost converter. First, for the buck-boost converter in CCM, the duty cycle is described as
Additionally, the duty cycle for the turn-off period in DCM operation is given as
Since
in DCM operation can be described as
Finally, the mapping of the equivalent control function (29) onto the duty ratio control D, where 0oD ¼ ðv L =v ramp Þo1, gives the following relationships for the control signal v c and ramp signalv ramp :
The simplified control equations required for the implementation of the respective PWM-based SMVC converter operating in DCM are given in Table 3 . The representation takes into consideration that r L ¼ v o /i r . Figure 3 shows the schematic diagrams of the respective-PWM-based SMVC converters for DCM operation. The controllers are modelled from the equations illustrated in Table 3 . It is interesting to note that these controllers are highly nonlinear, requiring various square root, division, multiplier, addition and subtraction operators in their computations. This reflects the true nature of the DCM converter system, showing the large amount of nonlinearity actually required in processing the information needed for the robust control of such converters. It also revealed how overly simplified the existing PWM controllers apparently are, in their applications in DCM converters. This explains the inevitable poor performances resulting from DCM converters using such controllers.
In essence, the proposed controllers accurately represent the sort of nonlinear controllers truly required for providing good control to DCM converters operating over a wide variation of input/load range. Despite its architectural complexity and requirement for more state-variable sensing than in conventional PWM controllers, the application of this special family of PWM-based SM voltage controllers to DCM converters requiring tight regulation is well justified in circumstance whereby conventional PWM controllers fail for the purpose.
Finally, it should also be pointed out that the implementation of the proposed controllers in Fig. 3 does not automatically qualify them as SM controllers. They need to comply with the three necessary conditions of SM operation: the hitting condition, existence condition, and stability condition, to make them SM controllers. The hitting condition has been satisfied by the control law in [11] . This ensures that regardless the initial condition of the converter, the controller will always make control decisions that bring the state trajectory to a point within the local vicinity of the sliding surface. Once the trajectory comes within such vicinity, the pre-satisfaction of the existence condition will take over to ensure that the state trajectory is maintained within this vicinity while being concurrently directed towards the equilibrium. Clearly, if the controller design satisfies the stability condition, which checks if the equilibrium point on the sliding surface is stable, a stable steady-state regulation will be expected from the converter. The following Section discusses the derivation of the existence and the stability conditions necessary for completing the requirement.
Existence and stability conditions

Complying to existence conditions
The method of ensuring the existence of SM operation for the DCM converter system is basically similar to the case of the CCM converter system, despite the structural difference in the composition of their state variable trajectory S. Figure 4 show the difference between the state variable trajectory behaviour in CCM and DCM operations. Typically, for SM controlled CCM converters, all the structures of the state variable trajectory must comply with the local reachability condition lim S-0 S (dS/dt) o 0 under their respective configurations to ensure that the trajectory is moving within a small vicinity from the sliding plane towards the equilibrium, i.e. complying with the existence condition [2] . However, for DCM converters, which have a trilinear structure trajectory, the abidance of the local reachability condition by the first two structures of the trajectory provides a sufficient condition for the compliance of the existence condition. It is unnecessary for the third structure also to meet the local reachability condition. This is graphically illustrated in Figs. 5a and b. Here, it is shown that as long as structure 1 and structure 2 meet the local a Trajectory behaviour in CCM operationFillustrating how bilinear structure trajectory is maintained within a small vicinity from the sliding plane b Trajectory behaviour in DCM operationFillustrating how trilinear structure trajectory is maintained within a small vicinity from the sliding plane, even though one of its structures is not directing the trajectory towards the sliding plane reachability condition, the direction in which structure 3 of the state trajectory travels will not affect the overall existence of the SM operation, whereby the trajectory is maintained within the vicinity of the sliding plane and is moving towards the equilibrium. Intuitively, the local reachability conditions of structure 1 and structure 2 in the DCM converter systems are identical to the local reachability conditions derived for both the bilinear structures of the CCM converter systems [10] , which in the proposed system can be expressed as
Hence, the overall existence conditions of the SMVC buck, boost and buck-boost converters in DCM operations can be recalled from the previous case of CCM operations [10] . The results are given in Table 4 . For the detail of the mathematical derivation, readers are referred to [10] . The selection of sliding coefficients for the controller of each converter must comply with its stated inequalities. We have taken into account the complete ranges of operating conditions (minimum and maximum input voltages, i.e. v i(min) and v i(max) , and minimum and maximum load resistances, i.e. r L(min) and r L(max) . This ensures the compliance of the existence condition for the full operating ranges of the converters. Additionally, for SM controller with a static sliding surface, a practical approach is to design the sliding coefficients to meet the existence conditions for steady-state operation [10, 12] . Under such consideration, the state variables i C and v o can be substituted with their expected steady-state parameters, i.e. i C(SS) and v o(SS) , which can be derived from the design specification. This ensures the compliance of the existence condition at least in the small region of the origin.
Remarks: Note that by inspecting the reachability condition of structure 3 for the respective converters, it was found that the SMVC buck converter can be designed to have both converging and diverging structure 3, as shown in Figs. 5a and b, respectively. However, structure 3 of the SMVC boost and buck-boost converters can only be of diverging type, as shown in Fig. 5b . This is because structure 3 in both these converters are of opposing directions to structure 1. Hence, the necessary compliance of the reachability condition for structure 1 leads to the breaching of the reachability condition for structure 3. Yet, as emphasised, the direction in which structure 3 travels will not affect the overall existence of the SM operation. However, having one structure of its trajectory moving in an opposing direction to the origin will significantly prolong the overall settling time of the converters as compared to the CCM converters, which have both the structures of the trajectory moving towards the origin. This is evidenced in the simulation results illustrated in the later part of the paper.
Complying to stability conditions
The method of assuring the stability of the SMVC DCM converters is the same as in the case of CCM converters. For the proposed family of controllers, the same method of selecting the sliding coefficients based on the desired dynamic properties to automatically arrive at a stable equilibrium as in [9, 10, 13] , is adopted. This is a direct approach to assuring stability, whereby the same objective of making the eigenvalues of the Jacobian matrix of the system in SM operation contain negative real parts is achieved.
In our proposed system, the stability condition is easily satisfied by selecting the sliding coefficients for a specific type of dynamic response using one of the following equations:
(i) Under-damped response:
where T s denotes the settling time and the damping ratio is
where M p is the percentage of the peak overshoot.
(ii) Critically-damped response:
(iii) Over-damped response:
where z 4 1. 
The mathematical derivations for (38), (39), and (40) can be found in [9, 10] . Thus, the design of the sliding coefficients is now dependent on the desired settling time and the type and amount of damping required in the response of the ideal sliding operation, in conjunction with the existence condition of the respective PWM-based controllers.
Simulation results and discussions
The derived PWM-based controller's equations in Table 3 have been verified through computer simulation. The simulation was performed using Matlab/Simulink. The step size taken for all simulations is 10 ns. 
Buck converter
6179. Therefore, the control equations implemented in the simulation are Figure 6 shows the steady-state behaviour of the SMVC buck converter. Figure 7a shows a plot of the DC output voltage against the different operating load resistances. The results show good load regulation property for the load range 5 O) ). Figure 7b shows the output voltage ripple waveforms of the system at dynamic load condition. The step change responses are critically damped, which conform to the designed behaviour. The settling times of the system are 400 ms (load resistance changes from 30 to 120 O) and 260 ms (load resistance changes from 120 to 30 O). These settling times are much longer than the ideal SM settling time of around T s(20 kHz) ¼ 40 ms. There are two reasons for this. First, the presence of excessive excursion of the state trajectory within the vicinity of the sliding surface (created by the finiteness of the switching frequency) lengthens the actual settling time of the system as compared to the ideal case where the state trajectory travels exactly on the sliding surface. Secondly, as explained earlier, structure 3 of the trajectory in DCM converters, which moves on an opposing direction to the origin, will significantly prolong the overall settling time of the converters. Yet, it must be emphasised that even though (38), (39) and (40) do not accurately reflect the true nature of the overall response time of the physical converter, they do provide the general design guidelines for a stable system with the desired type (damping) of secondorder dynamical response in a most simplified form. Table 6 shows the specification of the boost converter used in the simulation. The PWM-based SM voltage controller is designed to give a critically-damped response with a bandwidth of f BW ¼ 2 kHz (i.e. first-order response time constant t 2 kHz ¼ 79.56 ms settling time T s(2 kHz) ¼ 397.8 ms).
Boost converter
Assuming that the controller is designed for maximum load current (i.e. minimum load resistance r L(min) Figure 8 shows the steady-state behaviour of the SMVC boost converter. It should be noted that the peak magnitude of the ramp signal will change adaptively with the changes in load resistance. This is due to the equivalent virtual component term in thev ramp computation (see (27)). Figure 9b show the output voltage ripple waveforms of the system at dynamic load condition. The step change responses are critically damped, which conform to the designed behaviour. The settling times of the system are 83 ms (load resistance changes from 480 to 800 O) and 48 ms (load resistance changes from 800 to 480 O). Again, these settling times are much longer than the ideal SM settling time of around T s(2 kHz) ¼ 0.4 ms. Table 7 shows the specification of the buck-boost converter used in the simulation. The converter operates for step-up conversion. The PWM-based SM voltage controller is designed to give a critically-damped response with a bandwidth of f BW ¼ 2.5 kHz (i.e. first-order response time constant t 2.5 kHz ¼ 63.62 ms, settling time T s(2.5 kHz) ¼ 318.3 ms). Assuming that the controller is designed for maximum load current (i.e. minimum load resistance r L(min) ) the reference voltage is chosen as V ref ¼ 6 V, and the ratio of the voltage divider network b ¼ 0.1667; the sliding coefficients are calculated as a 1 /a 2 ¼ 31416 and Figure 10 shows the steady-state behaviour of the SMVC buck-boost converter. Similar to that of boost converter, the peak magnitude of the ramp signal also changes with load resistance (35). Figure 11b shows the output voltage ripple waveforms of the system at dynamic load condition. The settling times of the system are 13.5 ms (load resistance changes from 150 to 600 O) and 7 ms (load resistance changes from 600 to 150 O). Again, these settling times are much longer than the ideal SM settling time of around T s(2.5 kHz) ¼ 0.32 ms.
Buck-boost converter
Conclusions
This paper has proposed a family of fixed-frequency PWMbased SM voltage controllers for basic DC-DC converters operating in discontinuous conduction mode. A method of developing the state-space models of these converters in DCM operation required for the controller design is described. Simple control equations for implementation of the PWM based SM voltage controllers for the different converters are derived and verified through computer simulations. The results show that the proposed controllers are capable of offering good control performance for the respective converters.
